Theorems of Katznelson-Tzafriri type for semigroups of operators  by Phóng, VũQuôc
JOURNAL OF FUNCTIONAL ANALYSIS 103, 74-84 (1992) 
Theorems of Katznelson-Tzafriri Type 
for Semigroups of Operators 
VB QuBc PH~NG* 
Institute of Mathematics, P.O. Box 631, 10000 Hanoi, Vietnam 
Communicated by Paul MaIliavin 
Received October 1990 
Let S be a locally compact abehan semigroup and T a bounded representation 
of S by linear bounded operators in a Banach space 1, with spectrum Sp( T). Let 
SpJT) be the intersection of Sp(T) with the set of unitary characters of S. We 
prove that if S = Iw + or if T is norm-continuous and iffis a function in L’(S) which 
is of spectral synthesis with respect to Sp,(T), then inf,,, Ijlsf(s) T(t + s) dsll =O. 
0 1992 Academic Press, Inc. 
1. INTRODUCTION 
Let T be a contraction in a Banach space X. Y. Katznelson and 
L. Tzafriri have proved that if f(z) is a function analytic in the unit disc, 
which has absolutely convergent Taylor series and is of spectral synthesis 
with respect to r(T), the peripheral spectrum of T, then lim, _ m (/ T”f( T)(/ 
=o [ll]. 
In this paper we obtain the following extension of this result to one- 
parameter strongly continuous semigroups. 
Let r = {T(t): t B 0} be a contraction C,-semigroup in a Banach space 
X, with generator A. If S is a function in L’(R + ) which is of spectral syn- 
thesis with respect o (ia( n R, then lim,, Q) 11 T(t)f(F)(l = 0. Heref(F) 
is the Laplace transformation of the function f with respect to the 
semigroup 9, i.e., f(r) = j-2 f(t) T(t) dt. 
We also consider a more general case of representations of locally 
compact abelian semigroups S. The notion of spectrum of representation 
can be introduced in several ways (see [4, 6, 13, 141). Here a full analog 
of the above results is obtained only under the condition that the repre- 
sentation is norm-continuous (Theorem 4.2). For example, S might be ZT, 
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so that T(z,, . . . . z,) = T;’ ... T;, where {T,: j= 1, . . . . H} are commuting 
contractions. In this case the spectrum of the representation is nothing 
else but the joint spectrum of the family (T,, . . . . T,}, and we get a result 
first obtained in [ll]. When S=R:, T(tl, . . . . t,)= T,(t,)...T,(t,), where 
q= { T,(t): t > 0} are commuting contraction semigroups; the norm- 
continuity is equivalent to boundedness of the corresponding generators 
A,. The question of whether a similar result holds for strongly continuous 
representation remains open even for the case S = iw: = [0, ~0)~. 
2. SINGLE OPERATOR 
Let T be a contraction in a Banach space X. The following lemma 
constitutes a method systematically used in [l&18]. 
LEMMA 2.1. There exist a Banach space E, a continuous linear 
homomorphism rt: X-, E with a dense range, and an isometry (not 
necessarily surjective) V: E + E, such that 
(i) fl(V)co(T); Po(V*)cPa(T*); 
(ii) Vcz=n~T; 
(iii) lim n-tz IIT’W = ll~xll, v’x~x. 
The operator V with properties (ik(iii) is unique up to unitarily equivalence. 
Proof Since the sequence 11 T”xII, n > 0, is non-increasing, the limit 
l(x) = lim /I T”x(l 
n-22 
exists for every x E X and defines a semi-norm in X. Let L = ker 1. If L = A’, 
i.e., II T”xl( + 0 as n + cc for every x E X, then we can certainly choose 
E = 0, V = 0, and the assertion is trivially valid. So assume that L # X, and 
consider the quotient space 8= X/L. The semi-norm 1 then generates a 
norm iin 2, and the operator T generates an operator f in 8 in a natural 
way, namely i?rx G rr( TX), where 7c denotes the canonical map from X to 
X/L. Since l( TX) = l(x), Vx E X, the operator f is isometric in the norm i 
Let E be the completion of X in the norm i and V be the extension of F 
to the whole E by continuity. Now it is easy to see that (i)-(iii) hold. 
Indeed, if (T - A) is invertible, then, since 
4(T-A)-‘)< II(T-;l)p’ll 4x1, 
the operator (T- A)- ’ induces a bounded operator in E which is the 
inverse of (V - A), so a(V) c a(T). If cp E E* and V*‘p = Acp for some 1 E @, 
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then T*f =J.. where f E X* is defined by f(x) = (p(rcx). Thus, 
Po( V*) c Pa( T*). Properties (ii)-(iii) follow directly from the construction 
of 1, E, V, and rc. 
Finally, let E’ be another Banach space, rc’ a continuous homomorphism 
from X into E’, with a dense range, and I” and isometric operator in E’, 
which satisfies (i)-(iii). Define an operator U from E to E’ by Urtx = rc’x. 
Then, by (ii), U is an isometric operator defined on a dense subset of E and 
with a dense range, therefore U extends to an unitary operator on E. From 
(ii) we have UVZX = UxTx = Z/TX = V’dx = V&x, for every XE X, SO 
that UV= V’U, i.e., V and V’ are unitarily equivalent. 1 
The operator V constructed as above will be called limit isometry 
of T. From Lemma 2.1 one can already get a simple proof of the 
Katznelson-Tzafriri Theorem [ 111. Let us recall that a function 
f(z) = C,“=o b,z”, with C,“=, (b,j < co, is said to be of spectral synthesis 
with respect to a closed subset A of the unit circle, if it can be 
approximated in the algebra of absolutely convergent Fourier series by 
functions vanishing on a neighborhood of A. 
THEOREM 2.2 (Y. Katznelson and L. Tzafriri [l 1 I). If f (z) = C,” b,z” 
is a power series with absolutely convergent coefficients which is of spectral 
synthesis with respect to the peripherbl spectrum T(T) of T, then 
lim, + m IITXT)Il =O. 
Proof Indeed, we can assume that T(T) is not the whole unit circle 
(otherwise f = 0 and there is nothing to prove). Consider the limit isometry 
V of T. By Lemma 2,1(i), o(V) is not the whole unit disc, so V is an 
invertible isometry. If now g(z) is an absolutely convergent Fourier 
series vanishing in a neighborhood of a(V), then g(V) = 0 (see, e.g., [ 14, 
p. 201; 151). This implies that f( V) = 0, i.e., &f(V) XX) = 0 or, equivalently, 
lim, + m 1) T”f (T)x(l = 0, Vx E X. 
So far we have only shown that T”f( T) converges to 0 strongly. In order 
to get convergence in the operator norm, let us consider the Banach 
space g(X) of all bounded linear operators in X and the operator y 
in 3(X) defined by 5-S = TS, SE 9(X). Then o(y) = IJ( T), so 
that lim, _ o. IlF”f(F)SII =O, VSE@(X). Taking S=Z, we have 
lim, j m II TXT)ll = 0. I 
Lemma 2.1 also provides a simple proof of the following discrete variant 
of the Stability Theorem in [2, 161, which is a very particular case of our 
more general result in [lS]. 
THEOREM 2.3. If T is a contraction in X such that the peripheral spec- 
trum T(T) of T is countable and the peripheral point spectrum of T* is 
empty, then lim,, a, (1 T”xl( = 0 for every x E A’. 
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Proof. Indeed, by Lemma 2.1(i) the limit isometry V of T has countable 
peripheral spectrum. Therefore, it is an invertible isometry (if not trivially 
zero) with countable spectrum. Thus, the spectrum of I’ has an isolated 
point on the unit circle. On the spectral subspace, corresponding to this 
point by the well known Riesz-Dunford functional calculus, the restriction 
of V is an isometry with one-point spectrum which must be the scalar 
operator by virtue of Gelfand’s Theorem [7] (see also [ 1,9]). Therefore, 
this isolated point of a(V) is an eigenvalue of V(and I’*). Again by 
Lemma 2.1(i), T* has an eigenvalue on the unit circle, a contradiction. 
Therefore, I/= 0, so that E = 0, or, equivalently, lim, _ ^I (1 T”xl( = 0 for 
every x E X. 1 
3. ONE-PARAMETER SEMIGROUPS 
In this section we prove the main theorem stated in the Introduction. We 
need the following lemma, which is an extension of Lemma 2.1 to one- 
parameter semigroups. Throughout this section, 5 = (T(f): t 2 0) is a 
strongly continuous contraction semigroup in a Banach space X, with 
generator A. 
LEMMA 3.1. There exist a Banach space E, a continuous homomorphism 
n from X to E, with a dense range, and a semigroup of (not necessarily 
surjective) isometries Y = { V(t): t > 0} in E, with generator S, such that 
(i) a(S) c a(A); Pa(S*)c Pa(A*); 
(ii) V(t)on:=?roT(t); Vt>O and Son=xoA; 
(iii) lim, _ ~ IIqt)xll = 114, VxcJK 
The semigroup Y with properties (i)-(iii) is unique up to unitarily 
equivalence. 
Proof The proof is analogous to the proof of Lemma 2.1. In this case 
the seminorm 1 in X is defined by 
4x)= ,Ii; II T(t)xllv VXE X, 
and naturally generates a norm i in the quotient space X=X/L, where 
L= {xE:X:l(x)=O}. L t e n be a canonical mapping from X to 2. Every 
operator f(t) in 8 defined by i%x = rr( TX) is obviously an isometry in the 
norm l Let E be completion of X in the norm l and V(t) be extension of 
F(t) by continuity. Then V = { V(t): t 2 0) is a semigroup of isometries in 
E, strongly continuous since the seminorm I is dominated by the original 
norm in X. Denote by S the generator of V. The proof of all properties 
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(i)-(iii), as well as uniqueness up to unitary equivalence, is the same as in 
Lemma 2.1, except for the inclusion cr(S) c a(A), which can be shown as 
follows. 
Since Y is a contraction semigroup, it follows that every point A, 
Re A z 0, is in the resolvent set of A and 
R,(A)x=(A-A)-‘= -6 e-“‘T(t)xdt. 
Therefore 
l?,(A) 7cx = n(R,(A)x) = -jam eC”‘V(t) 7cx dt, 
or 
R,(A) = R,(S). 
Let p E p(A). From the Hilbert identity 
it follows that 
or 
&‘w+ (A - 11) MWI = R?(S) = &4(wz+ (A - Pu) MS)13 
which implies that p E p(S) (and R,(S) is a continuous extension of &,(A)). 
Thus, p(A)cp(S), or a(S) cc(A). 1 
In analogy to the discrete case, we call the semigroup V (isometric) limit 
semigroup of 5. For a function fin L’ [0, cc ) we put 
f(A) = jam ei”‘f( t) dc; f(F) = jam f(t) T(t) dr. 
(The latter integral exists as a strongly convergent Bochner integram.) The 
function f is said to be of spectral synthesis with respect to a closed 
subset A of Iw if it can be approximated (in L’-norm) by functions g, in 
L’( - co, co) such that 2, =0 on a neighborhood of A (see, e.g., [lo]). 
Now we prove the theorem mentioned in the Introduction. 
THEOREM 3.2. Let F = {T(f): t > 0} be a contraction semigroup in 
a Banach space X, with generator A. Assume that f E L’(R + ) is a 
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function which is of spectral synthesis with respect to (ia(A))n R. Then 
lim 1-m IIW)f(~ll)ll =a 
Proof: We can assume that (k(A)) n [w is a proper subset of 68, because 
otherwise f s 0 and the statement rivially holds. Consider the limit semi- 
group Y of r, and its generator S. Since Y is an isometric semigroup, the 
half-plane (A E @: Re I < 0} is in a regular component of the operator S 
(see [S]). From the existence of a point in (iR) n p(S) it follows that 
{AE@:Rek<O}cp(S). 
Moreover, also by virtue of isometricity of V, we have 
llsx- 2x11 > IRe 4 llxll, VReA<O,xEE(see [12, 163). 
Thus, the operator (-S) satisfies 
{I~c:ReA>0)co(-S) and IIc(-~)-~1-‘II <&,VReA>O. 
By the Hille-Yosida Theorem (see, e.g., [9]), (-S) is the generator of a 
strongly continuous semigroup of contractions U(t), t > 0. It is easy to see 
that 
-$ {Wt) Utb} = U(t) V(t) sx- U(t) V(t) sx=o, VXEE, 
so that U(t) V(t) = Z, Vt k 0. Thus, Y can be extended to a group of 
isometries with generator S. 
If g E L’(W) is a function such that g(A) = 0 on a neighborhood of 
(ia(S then g(V) = 0 (see, e.g., [5, 14, 15-J). Therefore, p(V) = 0, because 
f is a function of spectral synthesis with respect to (ia(S This means 
equivalently that lim, _ o. 11 T(t) f((s)xll = 0, Vx E X. 
So far we have only proved the strong convergence of T(t) f(F) to 0. In 
order to get from this the uniform convergence, we can consider the 
Banach space 3(X) of all bounded linear operators in X and the semigroup 
$= (p(t): t20}, where f(t)Y=T(t)Y, for every YEB(X). The semi- 
group 9 is not, however, strongly continuous, so we have to restrict it to 
the subspace go consisting of those YE 5@(X) for which f(t) Y is 
continuous in S?(X). This is a closed invariant subspace because of 
boundedness of F, moreover, it contains f(y) for every f l L’( R’ + ). 
Consequently, we have 
lim IIT(t)f(F) $(S)ll =O, vgEL’(R+). 
r+cc 
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From the existence of the approximative unit in L’(lR +) it now follows that 
lim IIT(t) =O. 1 
,-+OZ 
COROLLARY 3.3. If Y is a contraction semigroup with generator A such 
that (ia( n R is empty, then 
lim II T(t) A~)ll = 0, t-m 
for every f E L’( R + ). In particular, 
lim [IT(t) A-‘/l =O. 
t--r00 
Applying Theorem 3.2 to the function f = (e-“’ * 6, -e-l’), which is of 
spectral synthesis with respect o the set consisting of a single point (0) we 
obtain the following corollary. (Here 6, is the Dirac measure concentrated 
at s.) 
COROLLARY 3.4. Zf F is a contraction semigroup with generator A such 
that (io(A)) n R c (O}, then 
lim IIT(t+s)R,(A)- T(t)R,(A)I( =0 
t-co 
for all s>O and 1Ep(A). 
4. REPRESENTATIONS OF ABELIAN SEMIGROUPS 
In this section we replace R + and Z + by a locally compact abelian semi- 
group, which enables one to consider finite families of commuting contrac- 
tions and contraction semigroups imultaneously. Let S be a subsemigroup 
of a locally compact abelian group G. We assume that S contains the unit 
element e of G. Denote by S* the semigroup of continuous non-zero 
characters of S; thus S* consists of all continuous non-zero homomor- 
phisms of S into the multiplicative semigroup C. Let 
We assume that S is measurable and consider S with the restriction of 
Haar measure on G. Without loss of generality, we can assume that 
S-S=G. ForfELl( XES*, let 
f’(x)=Jsf(r)x(t)dt. 
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Let T: S + g(X) be a representation of S on a Banach space X. Thus T is 
a strongly continuous homomorphism of S into the semigroup W(X) of 
bounded linear operators on X, and T(e) = I. We assume that T is 
bounded, so that there is a constant M such that /I T( t)ll < M for all t in S. 
Without loss of generality, we can assume that every T(t) is a contraction. 
A character x in S* is said to be an eigenvalue of T if there exists a non- 
zero vector x in X such that T(t)x = X(t)x for all t in S; an eigenvalue of 
T* if there exists a nonzero functional 4 in X* such that T*( t)4 = x( t)b. 
We shall denote by Pa(T) and Po( T*) the sets of eigenvalues of T, and 
T *, respectively. 
For ,fE L’(S) let 
fV) = S.&t) T(t) dt. 
(The integral exists as a strongly convergent Bochner integral.) The map 
f + f( T) is a homomorphism between the Banach algebras L’(S) and 
W(X). The spectrum of the representation T is defined to be 
Sp(T)={xeS*: I~(x)l<II~(T)(IforallfinL’(S)}. 
Note that if S= G, then Sp(T) is the finite L-spectrum of T [ 14, 151 or the 
Arveson spectrum of T [4]. We shall be interested in the unitary part of 
the spectrum, thus we let Sp,(T) = Sp(T) n S,*. Note that S,* can be 
embedded in G*, the dual group of G. 
We consider the semigroup S as an ordered semigroup, giving an order 
in S by t < s o s - t E S. With this order we can speak about convergence 
through S. For instance, if S= Z: and T(z) = T;‘Tq2 ... Tz Ed, z = 
(z 1, ..., 4 E ‘q, then lim,; T(z)x=Oolim,in(s:i =,,,,,. ni-E Tf’...Tzx 
= 0. Thus, if T;’ converges to 0, then T(z) also converges to 0 through Zz, 
but the converse is not true in general. 
We shall need the following lemma, which is an analog of Lemmas 2.1, 
3.1 for representations. 
LEMMA 4.1. Let T be a representation of S by contractions of X. Then 
there exist a Banach space E, a continuous homomorphism 7~: X+ E with 
dense range, and a representation V of S by isometries on E, such that 
(i) Sp( V) c Sp( T), Po( V*) c Po( T*); 
(ii) V(t)on=7toT(t)for every tES; 
(iii) lim,IIT(t)xJI = IIKxI( for every XE X. 
The representation V with properties (i)-(iii) is unique up to unitary 
equivalence. 
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Proof: We can proceed as in Lemma 2.1 and introduce in X a 
semi-norm 
4x1 = lip II T(t)xll, x E x. 
Let L = ker I, X= X/L, rt a canonical mapping from X to 2, f(nx) = Z(x), 
p(ct) rcx E rc(T(r)x), E the completion of 8 in norm 17 and V(t) the exten- 
sion of p(ct) to E by continuity. Then V is a representation of S by 
isometries on E, and we can easily show that (i)-(iii) hold. Details are left 
to the reader. 1 
The representation V also will be called the (isometric) limit representa- 
tion of T. 
If the representation T is norm continuous, then V is also norm- 
continuous. By a theorem of R. Arens [3], there exists a norm-preserving 
extension of 93(E) to a Banach algebra B in which V(t) is invertible for 
each t E S. Thus V(t) is a norm-continuous representation of S by invertible 
isometric elements in the Banach algebra B, so that V can be extended to 
be an isometric representation of G in B with Sp( V) c Sp( T). We shall use 
this fact in the proof of Theorem 4.2. It is appropriate to note here that the 
spectrum of an isometric representation of a locally compact abelian group 
is not empty (it is even separable in the sense of [14, 15]), so that the 
spectrum of T is non-empty. 
A function f in L’(S) is said to be of spectral synthesis with respect to 
a closed subset A of G*, if there exists a sequence (g,) in L’(G) such that 
11 g, -f II i + 0 and, for each n, 2, = 0 on a neighborhood of A [lo]. 
THEOREM 4.2. Let T be a norm-continuous representation of S by 
contractions on X, and suppose that f is a function in L’(S) which is of 
spectral synthesis with respect o Sp,( T). Then lim, 11 T(t) f( T)ll = 0. 
ProoJ: Consider the isometric limit representation V of T and its norrn- 
preserving extension U to invertible isometric norm-continuous representa- 
tion in B. Then we have Sp( U) c Sp( V) c Sp( T). Since each element U(t) 
in B is invertible, U extends to a norm-continuous isometric representation 
of G in the Banach algebra B. If 2 = 0 on a neighborhood of Sp( U), then 
g(U) = 0 (see [ 14, 15]), which implies f(U) = 0, since f is of spectral syn- 
thesis with respect o Sp( U). Thus we havej?( U) = 0, which is equivalent to 
lim, I( T(t) f( T)x(( = 0 for all x in X. In order to get convergence in the 
operator norm, it is enough to apply the proved assertion to the norm- 
continuous representation Y of S by operators in g(X) defined by 
F(t) Y= T(t) Y, Yea(X). 1 
For all the elegance of the preceding arguments, they do not trivialize 
the Katznelson-Tzafriri Theorem and (evidently, of course) its generaliza- 
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tions for one-parameter semigroups and representations. The use of the 
Tauberian Theorem is hidden behind the Gelfand Theorem and harmonic 
analysis of isometric representations of locally compact abelian groups. 
Note that the proof of Theorem 4.2 makes an essential use of the norm- 
continuity condition, since if T is not norm-continuous, then the semigroup 
U(t) may fail to be continuous. When we try to carry over this proof to 
strongly continuous representations, the only obstruction to obtaining the 
full generalization of this theorem is that we do not know whether an 
isometric representation V of S with thin unitary spectrum Sp,( V) (such 
that Sp,( V) is of spectral synthesis with respect o a non-zero function f in 
L’(S)) can be extended to a representation of G. For the one-parameter 
case S = R + the answer is affirmative, as is shown in Section 3 by using the 
Hille-Yosida Theorem and the resolvent technique, while the problem as 
the whole remains open even for S = P+, n 2 2. 
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Note added in proof 1. After examining this paper C. J. K. Batty observed that the 
method of the Arens construction used in the proof of Theorem 4.2 can also be used to prove 
this theorem for strongly continuous representations (for this it is enough to pass to the sub- 
space B, of B on which the group U(r) is strongly continuous, as we did in the proof of 
Theorem 3.2, noting that B, is nonzero and contains all elements of the form .f( f,$ where .f 
runs over L’(S)). As an immediate consequence of this theorem and Lemma 4.1, we have the 
following 
COROLLARY. If T(t) is a bounded strongly continuous representation of S which is not 
strongly stable (i.e., there exists some x E X such that T( t)x does not converge to 0), then Sp( T) 
is nonempty. In particular, the spectrum of a strongly continuous isometric representation of S 
is always nonempty. 
However, the above formulated question of extendability of Ii to a group remains open (see 
C. J. K. Batty and V6 Qucic Phbng, Stability of strongly continuous representations of abelian 
semigroups, Math. Z., to appear). 
2. As was pointed out to the author by C. J. K. Batty, Theorem 3.2 was obtained 
independently and by a completely different method by J. Esterle, E. Strouse, and F. Zouakia 
(Stabilitt asymptotique de certains semigroupes d’op&rateurs, J. Oper. Theory, to appear). 
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